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Abstract

In many markets buyers are poorly informed about which firms sell the product
(product availability) and prices, and therefore have to spend time to obtain this
information. In contrast, sellers typically have a better idea about which rivals
offer the product. Information asymmetry between buyers and sellers on product
availability, rather than just prices, has not been scrutinized in the literature on
consumer search. We propose a theoretical model that incorporates this kind of
information asymmetry into a simultaneous search model. Our key finding is that
greater product availability may harm buyers by mitigating their willingness to

search and, thus, softening competition.
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1 Introduction

Consider a consumer who wishes to renovate a room in her apartment. Typically, the
consumer contacts several companies that may potentially provide the service. The com-
panies pass by and then decide whether or not to submit a price quote. Contacting firms
and having them come for a visit involves a significant time cost to the consumer. The
main reasons why she sends several requests are that, first, she wants to make sure that
at least one of them supplies the service and, second, she wants to have competitive bids.
Some of the companies that are contacted may not submit a price quote, as they either do
not provide the service or may be too busy with other projects. Uncertain product avail-
ability refers to the fact that consumers do not know whether or not a firm can compete
for the service they request.

There are two features of this example that we focus on in this paper. First, as it
takes time for firms to provide price quotes, consumers typically engage in simultaneous
search. Second, renovation companies are likely to be better informed than consumers
about which of their rivals can provide a certain type of renovation service and are not
constrained at that particular moment. This can be justified, for instance, by the estimate
from IBISWorld that the annual spending for acquisition of competitor information by
companies in the USA was at $ 2 billion in the first half of 2010s (see, Gilad (2015)). Thus,
there is asymmetric information between buyers and sellers about product availability in
this market. There are many examples of search markets that share these two features.
One important set of markets are procurement markets, where a government agency
actively solicits firms to compete for a certain procurement project. The agency may
find that some of the firms that are actively solicited may not participate in the auction,
because their current engagements do not allow them to get involved in more projects,
i.e., they are capacity constrained.

This paper is the first one to examine such markets. Product availability clearly affects
both supply- and demand-side behavior. Products may be more available for a variety
of reasons: there may be a reduction in market demand due to an outflow of residents,
an improvement in matching technology makes it easier for consumers to find the desired
product, a technological shock that makes production and logistics more efficient may
reduce long-lasting capacity constraints, or more firms may have entered the market for
the product because of lowered costs of obtaining a license. If products are generally more
available, then consumers may be inclined to solicit fewer firms to make price quotes, as
it is more likely that a given firm will submit a price quote. On the other hand, whether
or not to solicit more price quotes also depends on the chance of getting even better
prices. Firms may be inclined to compete more intensely when it is more likely that their

competitors will also be able to provide the services, which may reduce price dispersion



and the chance of getting better price quotes. This in turn affects the search behavior of
consumers.

Following Stigler (1961), MacMinn (1980), Burdett and Judd (1983) and others, we
propose a model where consumers search simultaneously and where there is asymmetric
information regarding product availability. In the model, a given firm either supplies the
product, or does not sell it. All firms know which of them supply the product. We let N
represent the total number of firms and 6,, stand for the probability that n out of N firms
supply the product. Thus we say that a probability distribution that assigns a greater
probability weight to a higher number of sellers supplying the product, i.e., a higher n,
makes the product more available to consumers. Ex-ante, consumers are uninformed
about who sells the product and what their prices are. In order to make a purchase, a
consumer has to observe the price of at least one seller. Consumers can search firms in
a non-sequential manner, i.e., they choose a number of firms to search prior to receiving
any response from firms. Consumers incur the search cost independent of whether the
searched firm has or does not have the product.

We show that, for sufficiently small search costs, there exists a symmetric equilibrium
where some consumers actively search more than one firm. Search strategy of consumers
in such equilibrium has a specific feature. In equilibrium, either all consumers search the
same number of firms, or they randomize over searching two different numbers of firms.

Our key finding is that greater product availability may raise prices. In particular, if a
higher product availability means that 6,, decreases for small n where n > 2 and increases
for high n, the expected price increases. For instance, if it is less likely that duopoly
sellers supply the product and more likely that triopoly sellers do, sellers’ overall market
power rises for sufficiently small search costs. There are two effects. First, there is a
direct competition effect. As, keeping all else equal, the expected price declines with the
number of sellers, consumers are more likely to pay lower prices because they are more
likely to face a market with a larger number of sellers. There is, however, also an indirect
search effect, which is anti-competitive. Oligopoly markets with more sellers and lower
prices are also characterized by lower levels of price dispersion. Thus, consumers have
less incentive to search and search intensity drops as the expected incremental gain of an
additional search is relatively small. This search effect implies that consumers compare
fewer prices, increasing the market power of sellers. We show that this (indirect) anti-
competitive effect of greater product availability dominates the (direct) competitive effect
if the search cost is relatively small.

The result has implications for procurement markets and other markets where these
two features apply. Often, these markets are characterized by low search costs relative
to the value of the product. In markets for renovation services, search costs can be

associated with finding potential providers’ emails online and sending them messages.



In procurement markets, the value of the project for which procurement is being made
is usually much higher than the cost of soliciting bidders. Moreover, in both types of
markets, greater product availability typically means that a greater number of oligopoly
sellers are likely to offer the product.

The intuition behind the detrimental impact of a higher product availability on com-
petition is similar to those in studies by Fershtman and Fishman (1994) and Armstrong et
al. (2009). These papers report that price caps raise the expected price in non-sequential
search markets. The reason is that effective price caps guarantee low prices and, thus,
reduce price dispersion, which has a detrimental effect on the search incentives of con-
sumers. Just as price caps alleviate price dispersion, an increase in the probability of more
sellers carrying the product on their shelves makes prices less dispersed in our model.

Our main result is robust assumptions of the model. Particularly, we allow for search
cost heterogeneity by introducing a share of consumers whose search cost is set to zero.
We report that greater product availability harms consumers with positive search costs.
Furthermore, we consider markets where consumers employ newspaper search. According
to this search protocol, each consumer receives an information about product availability
and a price, if the product is available, of a random firm and then decides whether to
access a price aggregator to learn product availability and prices of all the other firms.
We demonstrate that greater product availability makes consumers worse-off.

We discuss our paper’s contribution to the literature in the following section. In
Section 3 we present the model. We provide an equilibrium analysis in Section 4 and
present comparative statics results in Section 5. In Sections 6 and 7, we provide robustness

checks for different model extensions. The final section concludes.

2 Related Literature

Our paper contributes to several strands of the literature. One is the consumer search
literature with uncertain product availability and, within this field, the studies by Janssen
and Non (2009) and Lester (2011) are the closest to our paper. The main difference
between these papers and ours is that they do not consider asymmetric information: an
individual seller, just like buyers, does not observe which other sellers offer the product.
Therefore, sellers cannot condition their prices on the total number of sellers in the market.
For instance, if there happens to be a single seller in the market, the monopolist simply
does not know this fact and, in equilibrium, does not set the monopoly price. There
are also other important differences. Specifically, Janssen and Non (2009) restrict their
attention to two potential sellers, which makes the impact of greater product availability
on competition straightforward. Precisely, the more available the product (or the more

probable that there are two sellers rather than a monopolist), the stronger the competition.



Lester (2011) examines a model with exogenously given shares of consumers who observe
a single price and those who compare prices in markets with firms which have limited
capacity. The author reports that an (exogenous) increase in the share of consumers
who compare all prices does not necessarily lead to more competition. Other papers
which study uncertain product availability in consumer search markets, but without the
information symmetry, include Janssen and Rasmusen (2002), Rhodes (2011), and Gomis-
Porqueras et al. (2017).

There is a large body of literature that studies search frictions and uncertainty about
product availability in labor markets. In these studies, uncertainty is related to availability
of a vacant job position. However, these studies do not consider information asymmetry
on job availability. We refer to Wright et al. (2017) for an excellent review of the literature.

There is another strand in the consumer search literature studying information asym-
metries between buyers and sellers. Yet these studies focus on information asymmetry
on either marginal costs of production (e.g., Benabou and Gertner (1993), Dana (1994),
Tappata (2009), and Janssen et al. (2011)), or product quality (e.g., Hey and McKenna
(1981), Pesendorfer and Wolinsky (2003), Wolinsky (2005), Fishman and Levy (2015)).

In a broader sense, associating entry of firms with a greater product availability, the
paper also contributes to the literature that studies the effect of entry on competition
(e.g., Janssen and Moraga-Gonzalez (2004), Chen and Riordan (2008), Gabaix et al.
(2016), Moraga-Gonzalez et al. (2017), Chen and Zhang (2018)). The papers closest
to ours are ones by Janssen and Moraga-Gonzalez (2004) and Moraga-Gonzalez et al.
(2017). The essential difference between these papers and ours is that, in these papers,
both consumers and sellers know which sellers offer the product. These studies extend
the traditional model of non-sequential search by introducing search cost heterogeneity.
Janssen and Moraga-Gonzalez (2004) let a share of consumers have zero search costs and
report that, if search costs are small, the expected price is non-monotonic with respect
to the number of sellers. Moraga-Gonzalez et al. (2017) assume that a consumer’s search
cost is a draw from some distribution and demonstrate that, if consumers have similar
search costs, an additional firm entry results in lower prices. Unlike Janssen and Moraga-
Gonzalez (2004), we show that the expected price rises and buyers are worse-off under
sufficiently small search costs. In contrast to Moraga-Gonzalez et al. (2017), we find that
the expected price can rise in markets with homogeneous, yet sufficiently small, search
costs.

The only other paper that accounts for information asymmetry on product availability
in search markets is Parakhonyak and Sobolev (2015). The authors also assume that
buyers do not know how many sellers there are, but where we analyze this question in a
more traditional Bayesian game of incomplete information, they assume that buyers (who

search sequentially) do not have a prior and want to minimize regret instead of maximizing



utility. The authors report that the equilibrium expected price paid by buyers is invariant

to changes in product availability.

3 Model

In our model, there are N > 3 potential sellers, which we call firms. N is assumed to be
finite. Nature chooses n number of entrants, or simply sellers, where 0 < n < N. The
probability with which nature chooses n entrants is given by 6, so that ij:o 0, = 1.
Let 0 = (0,04, ...,0N) represent a vector of such 6,,. Each firm observes who has entered
the market. Sellers produce homogeneous goods at a marginal cost normalized to zero
and compete on prices to maximize profits. Since mixed strategies are allowed, let z,;(p)
be the probability that seller j charges a price greater than p when there are n number
of sellers in the market.

The demand side of the market is represented by a unit mass of consumers, or buyers.
Each consumer has an inelastic demand for a unit of a product, which she values at
v > 0.! Ex-ante, consumers do not know which (if any) firms are active sellers as well as
what the sellers’ prices are in the market. In order to buy a product, a consumer has to
engage in costly search and learn at least one price. A search is of fixed-sample-size, where
consumers commit to visit (search) k number of firms. We let ¢ > 0 denote the search
cost. Following the majority of literature on consumer search, we assume that searching
one firm is free.? Finally, let ¢;; stand for the probability that consumer i searches k firms
so that ¢; represents the search probability distribution.

It is useful to note that the probability that a consumer observes m prices, when search-
ing k firms in a market with n sellers, follows a hypergeometric series. This probability,
= D)

()

denoted by auk m, is

Then, for any two positive integers I; and I, we let (g) = 0 for I; < I, and define

ank(l‘) = Z Q‘nk,mx(p)m
m=0

"We can think of v as the effective reservation price of consumers. Specifically, if we let r be the
actual reservation price and w > 0 be the outside option of each consumer, then v = r — w. Clearly, for

w > r, buyers never participate in the market. The paper focuses on the interesting case of r > w.
2This assumption does not affect the main results qualitatively. If we allow each search to be costly,

then in the trivial equilibrium stated in Proposition 1 buyers do not search and, thus, there is no trade.



to be the probability generating function, where z(p)™ = [z(p)|™.?

The timing of the game is as follows. First, nature chooses a number of sellers that
enter the market. Each firm observes whether itself as well as any other firms entered
the market. Consumer do not have this information. Second, sellers simultaneously set
prices. Third, without knowing prices, consumers choose the number of firms to visit.
Consumers who observe at least one price may make a purchase. Finally, the payoffs are
realized.

We employ symmetric Bayesian-Nash equilibrium (SBNE) as a solution concept.
Therefore we drop subscripts j and 7 to simply write z, and g, respectively. Let p_;
be the vector of prices set by other sellers than seller j. (Clearly, if there is a monopolist
seller, p_; is an empty set.) Also let II,,;(p,p_;) denote the expected profit of seller j
that charges p, given pricing strategies of the other sellers, in a market with n sellers.
Then, letting II,, > 0 be some constant for each n, we define an SBNE as a collection of
price distributions (z,)Y_, and search probability distribution ¢ such that for each n (a)
I,,;(p,p—;) > II, for all p in the support of z,(p), V4, and (b) IL,;(p,p—;) < IL, for all
p, Vj; (¢) each consumer searching k firms obtain no lower utility by searching any other
number of firms for all g, > 0 and (d) Zszo qr = 1.

4 Equilibrium Analysis

We start our analysis by identifying consumers’ search strategies which can be a part of an
SBNE. Subsection 4.1 serves this purpose. There, we first demonstrate an existence of a
trivial SBNE where consumers do not search more than one firm. As we are not interested
in this equilibrium, we next focus on SBNEs where ¢y + ¢1 < 1, i.e., consumers search
actively. We show that in any SBNE with active search, buyers either search k firms
where 2 < k < N —1 or randomize over searching k and k-+1 firms where 1 < k < N —1.

We then proceed to construct those two types of SBNEs with active search. To do that,
we employ the following steps. In Subsection 4.2, we assume that consumers randomize
between searching k£ and k + 1 firms, and find the optimal pricing strategies of sellers.

Given these pricing strategies, we check whether consumers indeed find it optimal to

3Also it is easy to see that a,y () is closely related to the Gauss hypergeometric function. If

oF(a,b;cx) = Z me(p)

m=0

represents the Gauss hypergeometric function, where (a),, = a(a + 1)...(a + m — 1), then it follows that

N—n
k() = ( k )2F1(—n,—k;N—n—k+1;gc).

()



randomize over searching k£ and k£ + 1 firms. In Subsection 4.3, we apply the same steps,
yet we consider the case where all buyers search k firms.

We demonstrate that an SBNE with active search definitely exists if the search cost
is not too high. Generically, there is multiplicity of equilibria. We establish that a locally

stable SBNE with active search is unique for sufficiently small search costs.

4.1 Preliminary Results

Our first result is that there always exists an equilibrium where consumers search at most
one firm. That buyers do not search more than one firm means that they do not compare
any prices. Then, it is optimal for sellers to charge the monopoly price v. Such pricing
clearly justifies the above search strategy of buyers, as buyers receive zero payoff both
when they purchase a product and when they do not, yet searching more than one firm
is costly. This is a well-known result in models of both sequential (Diamond (1971)) and
simultaneous search (Burdett and Judd (1983)).

Proposition 1. For any v > 0, ¢ > 0 and 0, there exists an equilibrium where sellers set

the monopoly price v and consumers search at most one firm: qo + q1 = 1.

We are interested in SBNEs where consumers search more than one firm. Our next
two results limit search strategies of buyers which can be part an SBNE with active
search. To state the results, we let n > 2 represent the lowest number of oligopoly sellers
that are drawn into the market with a strictly positive probability. This implies that
0y =...=0,_1 =0 while 6, > 0.

Lemma 1. For any ¢ > 0 and n > 2, in an SBNE it cannot be that ZiV:N—Q+2 Q. = 1.

The reasoning is by contradiction. Assume that ZkN: N-nt2qk = 1. Then, the optimal
pricing strategies of sellers are as follows. The monopolist sets v. Sellers in a market with
n > n optimally charge a price equal to the marginal cost of production. The argument
stems from the observation that, in these markets, an individual seller’s price is always
compared with at least one other price (it is easy to check that consumers observe at
least two prices). Therefore, an individual seller does not want to be the highest priced
one and, in the case of a tie in prices, undercutting is profitable. As a result, the sellers
price at the production marginal cost. Given the above pricing strategies of sellers for
different n, it is easy to see that a buyer who searches N — n + 2 receives a payoft equal
to (1 =09 — 61)v — (N —n + 1)c. If she searches N — n + 1 firms instead, she receives
a payoff equal to (1 — 60y — 0;)v — (N — n)c. Clearly, the latter payoff is greater than
the former. This is a contradiction to the initial assumption that, in equilibrium, buyers

search at least N —n + 2 firms.



The following proposition narrows down even more the search strategies of buyers in

an SBNE, where some consumers search actively.

Proposition 2. An SBNE with qo + q1 < 1 can exist if, and only if, 0y + 60, < 1. In any
such SBNE,

(i) it must be that either x, is continuous and strictly decreasing in p and satisfies

zp(v) =0, or x, must have a unit mass at either p =0 or p = v;

(ii) there exists k such that for 2 < k < N —n + 1 it must be that q = 1, or for
1<EkE<N-—-n+1idimustbethat 0 < q, <1 and qx +qr1 =1 .

If 6y + 01 = 1, consumers receive zero payoff independent of how many firms they
search. This is because they either find a product and make a purchase at price v or do
not find a product. Then, as searching more than one firm is costly, buyers optimally
search at most one firm. Thus, an SBNE with active search exists only if 6y + 6; < 1.

The reasoning behind (i) can be understood as follows. Clearly, a monopolist seller
always charges v. Thus, there is a unit mass at a price equal to v. From Proposition 1 and
Lemma 1, it follows that qo—l—ql—i—ZéV:anH g < 1,1e.,q > 0forsome2 < k< N—n+1.
Let k be the smallest of such integers su;h that gz > 0. Then, notice that each seller in a
market with n number of sellers, where n < n < N —k+1, have a (strictly) positive share
of consumers observing only its price. These buyers—also known as locked-in buyers in the
literature—are a source of the sellers’ market power. Each of these sellers also face buyers
who observe at least one other price in addition to the seller’s price. As sellers which
set higher prices are less likely to sell to the price-comparing consumers, these buyers
put competitive pressure on the sellers. The existence of locked-in and price-comparing
consumers gives rise to price dispersion. Finally, if g0 = ¢1 = ... = ¢z_; = 0 and ¢; > 0,
then consumers compare at least two prices in a market with n number of sellers where
n>N—Fk+2. Hence, for n > N — k+ 2, sellers must charge a price equal to the
production marginal cost in equilibrium as we argued in the paragraph after Lemma 1.
Thus, in these markets there is a unit probability mass at a price equal to 0.

In markets with equilibrium price dispersion (and n sellers), an individual seller must
be indifferent of setting any price in the support of price distribution z,. Then, x, must
be atomless because if it had an atom, undercutting would be beneficial due to the strictly
positive share of consumers who compare at least two prices. Also z, cannot have a flat
region in the support, else an individual seller will not be indifferent at both ends of that
flat region. Furthermore, the highest price in the support of the price distribution must
be equal to v. It cannot exceed v, since a seller charging a price higher than v does not

sell to anyone. The upper bound cannot be less than v because if it were, a seller could



improve its profit by deviating to v, as its expected demand in both cases consists of only
locked-in buyers.

Finally, we establish the understanding behind (ii) from the above fact that price
distribution is non-degenerate in markets for certain realizations of n. This means that
the incremental expected benefit of searching one more firm is declining with the number
of searches. Since the incremental cost of searching is constant (and is equal to ¢), it must
be that either all consumers search the same number of firms or a share of consumers
search k firms while the rest search k + 1 firms.

This proposition provides us with a great deal of information about search strategies
of consumers in SBNEs with active search but relative little information about conditions

under which such SBNEs may exist. The following two subsections address these issues.

4.2 Mixed Search Strategy

We start considering the case where consumers play mixed strategies. Suppose buyers
randomize between searching k and k + 1 firms, where 1 < k < N —n + 1. What is the
optimal pricing strategy of sellers? Obviously, the monopolist seller always charges v. If
n > N —k+2 is realized, consumers compare at least two prices. Then, the sellers have an
incentive to undercut prices up to the marginal cost of production, thus the equilibrium
price being zero. Finally, when there are n sellers such that 2 < n < N—£k+1 sellers in the
market, they set prices from price distribution z,,. The symmetric equilibrium strategy
of sellers is such that an individual seller is indifferent between setting any price in the
support of the price distribution and must (weakly) prefer these prices to ones which are
not in the support.

To derive x, for 2 < n < N — k + 1, we first note that a consumer who searches k
firms buys from seller j if she visits the seller and observes no lower price than the seller’s

price. Therefore, seller j pricing at p sells to this consumer with probability

Z (k:m) (m)mxn(p)m—l _ % Z (k—(rr]L\?)(m) m:vn(p)m_l _ Oé%k('%'n(p))‘
m=0 k

m=1 (]l::[) n n

We next let Bnk(‘r) = Qkank(x)+ (1 _Qk)ank’-l-l(x) so that /Bnk,m = Qkank,m+<1 _Qk)ank+1,m
is the total share of consumers who observe m prices. Then, seller j that sets price p

expects to earn

I (p,p_;) = p<6nk,1 + 2/3nk,2$n(p)n+ 3Buk37n(0)? + ... _ 5;14:@;(29))]9.

As an individual seller is indifferent in terms of setting any price in the support of equi-
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librium distribution function, it follows

PBk(@n(p)) = vBy (20 (v)). (1)

This equation implicitly (and uniquely) defines equilibrium z,(p) (see, Johnen and Ron-
ayne (2020) for uniqueness of z,,). For convenience, we will use the inverse function p,(x,),
which in equilibrium satisfies B
~nll,
polin) = G )

Then, the lower bound of the price distribution, denoted by p,,solvesp = pn(l).

Now, it is left to check whether consumers indeed randomize between searching k and
k + 1 firms if sellers price the product as discussed above. For that, we first note that as

the density of the lowest of m prices is

L (1 ) = 2400,

the expected price paid by a buyer searching k firms in a market with n sellers is

n v v 1
=37 [ v, o) o) =~ [ el o) 0o = [tz dn,
m=1"P, P 0
where we obtained the last equality by changing variables from p to z,(p). As not visiting
a seller is equivalent to paying price v, we define the expected wvirtual price paid by a

consumer who searches &k firms as

N—Ek+1

1
P, = (00 +01)v+ Z 0., (anmv +/ pn(ajn)a;k(wn)dmn> ,
n=n 0

Here, we used the fact that pricing policies of sellers in markets with n sellers such that
1 < n < n are irrelevant for consumers as, by the definition of n, we have 6,, = 0 for all
1 < n < n. Next, the expected virtual price paid by consumers who search k£ + 1 firms
can be expressed as above by changing the respective indices from k to k£ 4 1. Then, the

incremental benefit of searching the k£ + 1th firm is

N—-k+1

1
Pk - PkJrl = Z en ((&nk,O - ankJrl,O)v + / pn(xn) (a;,k(xn) - O/nk—i-l (xn>) dxn)
n=n 0

N—k+1

1
= - Z en/ pil(xn) (ank(xn) - ank+1(xn))d$na
n=n 0
where the second line follows from integration by parts and the facts that a,.(0) = k.,
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Qnk+1(0) = agt1.0, Pn(0) = v and k(1) = g1 (1) = 1. Clearly, in equilibrium, it must
be that

P, — Pk+1 =C. (2)

The question that comes forward is, does there exist g, € (0, 1) that satisfies (2)7 The

following proposition answers the question.

Proposition 3. For any v > 0, n > 2, 0y and 0, such that 0 < 0y + 61 < 1, and k such
that 1 <k < N—n+1, there exists (¢ 11, Chi+1) C (0,v) such that for ¢ € (¢ j 11, Chkt1)
there exists an SBNE given by ((xn)gzl ,q), where

0, p<u,
1 —x(p) =

I, p>w,

0, p<O,
1—{En(p):

1, p>0, for N—k+2<n<N,

zn(p) is determined by (1) for 2 < n < N —k + 1, and gy is determined by (2), and
Q1 = 1 — qi-
Furthermore, ¢; .1 =0 fork=1and k=N —n+ 1.

We develop the proof as follows. We first show in the appendix that P, — Pyyq is
positive for 0 < g, < 1. The intuition is that consumers who search k£ + 1 firms are
more likely to find the product and compare prices than buyers who search k firms. We
next demonstrate that the left-hand side of (2) is strictly concave in gg. This means that
there can be at most two values of ¢, that satisfy (2). Using the above two properties
of Py — Pyy1, we establish that there must be two cutoff values of search cost ¢ .,
and k41 such that ¢, = min{limg, jo(Px — Pe—1), limg41 (P — Pr—1)} and Cp gy is
maximum possible value of P, — P, for 0 < g < 1.

The first part of the proposition informs us of existence of search cost intervals under
which equilibria in consumers’ mixed strategies exist, but it does not tell us anything about
those intervals. The second part of the proposition partially addresses this issue. Namely,
it shows that for sufficiently small search costs, an SBNE with positive search definitely
exists. We prove this in the appendix by demonstrating P, — P, and Py_,11 — Pnv_n+2
converge to zero as ¢; T 1 and gy_pn42 T 1, respectively.

Figure 1 provides an illustration of a solution to (2). The horizontal axis represents
the share of consumers who search k+1 = 3 firms, while the vertical axis stands for search
cost and prices. The solid curve represents P, — Py, 1, while the dashed ones stand for the
search costs. Notice that P, — Py, is positive and concave in g, € (0, 1). It is easy to see

that ¢; ;. = 0 in this particular case. This means that for sufficiently small search costs
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A3

Figure 1: Illustration of SBNEs for N =3, k=2, v=1, 0,=0, 6; = 03 = 0.05, and
0, = 0.90

an SBNE where a share of buyers search two firms while the rest search three firms exists.
The maximum value of the solid curve, which corresponds to c3(= 0.055), represents
Crk+1. For the value of the search cost given by ¢i(= 0.03), the dashed and solid lines
cross only once. The intersection represents an SBNE. For the value of search cost given
by c2(= 0.045), there are two intersections of the dashed and solid lines, representing two
SBNEs.

4.3 Pure Search Strategy

Next, we consider the case where all consumers search k firms, where 2 < k < N —n+1.
It is easy to see that, if all consumers search £ firms, in equilibrium the monopolist seller
charges v and sellers price at the marginal cost if n > N — k + 2. For an intermediate
number of sellers 2 < n < N — k + 1, price dispersion arises and equilibrium price
distribution (in market with n sellers) is determined by

G (Tn(P) _ nka =

D =0 =11, > 0, (3)
n n

where the inequality is due to ay,; > 0.

To check whether buyers indeed visit k firms, given the above pricing strategies of
sellers, it suffices to find conditions (if there are such) under which the following set of
inequalities hold for ¢, = 1:

Py — Py <c,

P,y —PFP,>c

(4)
The following proposition shows that there exists a nonempty interval of search costs such
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that the set of inequalities are satisfied.

Proposition 4. For any v > 0, n > 2, 6y and 61 such that 0 < 0y + 60, < 1, and k such
that 2 <k < N —n + 1, there exists [c;, ¢ C (0,v) such that for ¢ € [cx, Cy| there exists
an SBNE given by ((z,)Y_, ,q) where

0, p<uw,
1—$1(p>:

1, p>v,

0, p<0,
1_:Un(p):

1, p>0, for N—k+2<n<N,

zn(p) is determined by (3) for2<n < N —k+1 and ¢, = 1.

It is crucial to point out the relationship of cutoff search costs ¢, and ¢, to those
in the previous subsection ¢ ., and Cpxy1. Observe that the search cost under which
consumers randomize between searching k£ and k + 1 firms with ¢, T 1 in equilibrium is
equal to ¢;,. Similarly, the search cost under which buyers randomize as above but with
qr 4 0 in equilibrium is equal to ¢,1. These two observations mean that it is impossible
that, for certain regions of search costs, there is no equilibrium where consumers randomize
between choosing k£ and k+1 or choose k only, but there are equilibria for values of search
costs which are above and below that region: one characterized by buyers randomizing
over k and k£ + 1 and the other by buyers choosing k. Then, recalling the second part
of Proposition 3, we can conclude that an equilibrium with active search exists if search

cost is not very high.

9 92 3
Figure 2: Illustration of a multiplicity of SBNE for different search costs.
Figure 2 graphically illustrates the main idea of the discussion. (We used the same
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parameter values as in Figure 1, with exceptions that we set ¢; = 0.02, ¢ = 0.05, and
c3 = 0.11.) The horizontal axis represents ¢, for n € {1,2,3}. At each of the three
points on the axis, i.e., at each ¢,, we have ¢, = 1. When we move to the left or right
of that point along the axis, ¢, starts decreasing and ¢,_; or g¢,y1, respectively, starts
increasing. For example, start with point ¢ on the horizontal axis, which means that
g2 = 1 and ¢ = g3 = 0. If we gradually move to the left along the axis, g begins
decreasing while ¢; begins increasing so that ¢; + ¢ = 1 and ¢3 = 0. The vertical
axis of the graph represents the search cost and the expected benefit of searching one
more firm. The solid curve represents the incremental benefit of searching one additional
firm. Observe that any point on the solid line that corresponds to a point between
qr and g1 on the horizontal axis represents the incremental benefit of searching the
k + 1th firm. The dashed lines stand for different levels of search cost. Each intersection
of solid curve and a dashed line represents an equilibrium for that particular value of
search cost. Importantly, we note the following two points. The solid line is continuous
over q,s with limg,+ (P, — Py) = € and limg+ (P — P3) = ¢,. Moreover, we have
limg,41 (P — P2) = ¢;5 = 0 and limg,p1 (P2 — P3) = ¢y 3 = 0. These points imply that an
equilibrium with active search exists if the search cost is not too high, e.g., if ¢ = ¢; or
¢ = ¢o. For instance, for a value of search cost equal to c3, there is no SBNE with active

search.

Subsections 4.2 and 4.3 imply that there is multiplicity of equilibria with active search.
This can be easily seen from Figure 2. For instance for a value of search cost equal to ¢,
there are four SBNEs with active search. In the following corollary, we state conditions
under which there is a unique stable SBNE with active search. The corollary is implied

by propositions 3 and 4.

Corollary 1. For v > 0, n > 2, 0y and 61 such that 6y + 01 < 1 and ¢ €
(0, min{cy,cn_,41}), there exists a unique locally stable SBNE where consumers random-

1ze over searching N —n+1 and N —n + 2 firms.

We again refer to Figure 2 to illustrate the intuition behind the proposition. We
first observe that for sufficiently small search costs, e.g., ¢i, there are two equilibria: the
leftmost one being unstable, and the rightmost one being stable. Consider the rightmost
equilibrium. It is easy to see that if the actual probability that consumers search three
firms is higher (lower) than the equilibrium one, the incremental benefit of searching
the third firm is lower (higher) than the search cost. As a result, consumers have an
incentive for less (more) search so that the actual search probability of searching three
firm converges to the equilibrium one. By a similar argument, it is easy to see why the
leftmost SBNE is not stable. We also observe that, for a value of search cost equal to ¢,

there are two stable SBNEs: the rightmost one and the one represented by an intersection
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of a vertical part of the solid line and the dashed line. Hence, the figure demonstrates that

a unique stable SBNE with active search exists only for sufficiently small search costs.

5 Comparative Statics

In this section, we examine an impact of changes in our two exogenous parameters on
equilibrium outcomes: 6 representing product availability and ¢ representing the search
cost. We only consider stable SBNEs. A change in 6 can be a product of government
policies aimed at easing bureaucratic processes related to market entry. It may also be a
consequence of technological advancement or a reduction in industry demand as discussed
in the Introduction. In all these cases, the product is likely to become more available to
consumers. The intuition tells us that greater product availability should benefit buyers,
as they are less likely to exit the market without purchase and, importantly, a greater
number of sellers is usually associated with more intense competition. We demonstrate
that this does not necessarily have to be the case. Precisely we show that greater product
availability may not have any impact on market outcome or even harm buyers. The last
result is due to detrimental effect of greater product availability on consumers’ willingness
to search.

Changes in ¢ may represent technological development, such as shops creating their
websites so that consumers can find out whether a shop has a product with the help of
several clicks instead of visiting a brick-and-mortar store. Intuitively, and this turns out to
be the case, a smaller search cost strengthens buyers’ willingness to search, which increases
consumers’ chances to find the product and compare prices, thus triggering competition.

Following the order of our analysis in Section 4, we first undertake the comparative
static analysis in SBNEs where buyers use a mixed strategy. In Subsection 5.2, we examine

markets where consumers play a pure strategy.

5.1 Consumers Playing a Mixed Strategy

We focus on an SBNE that results when the search costs are sufficiently small. There are
two reasons for this. One is that, following Corollary 1, we can see that there is a unique
locally stable SBNE with active search for small search costs. The other reason is that
markets that have been mentioned in the introduction are generally characterized by low
search costs relative to the value of the product.

We notice that, as 27]:7:0 0, = 1, an increase in §; must be accompanied by a decrease in
at least one 6}, ¢ # j. In other words, there are numerous ways of considering a change in a
single #;. To understand the main mechanism through which a change in 6; affects market

outcomes, it is sufficient to focus on a change in 6; that is associated with an opposite
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change in only a single 6;. In this case, it only matters whether 2 <4,7 < N —k+1 or
not, for ¢ # j. Then, we need to consider only three cases: neither ¢ nor j is in the set of
integers in interval [2, N — k + 1], only 7 or j is in that set, and both i and j are in that
set. We assume that ¢ > j such that an increase in ; with the associated equal decrease
in 6; implies that a product is more available.

In the following proposition, we state the main result of the section. Specifically, we
identify sufficient conditions under which a greater product availability has a detrimental

effect on buyers’ well-being.

Proposition 5. In a stable SBNE where consumers randomize between searching N —n+1
and N —n + 2 firms for 2 <n < N — 1, an increase in 0; with a corresponding decrease

in 0; where i > j
(i) decreases the expected price and improves consumers’ well-being for j =1,

(ii) does not affect the expected price and consumers’ well-being for j > n + 1,

(7ii) raises the expected price and harms consumers’ well-being for j = n.

The reasoning behind (i) is straightforward. Note that, in equilibrium, there is price
dispersion only in a market with n sellers and the price in a market with at least n 4 1
sellers is equal to the production marginal cost. As the expected prices in markets for any
realization of n > 2 is lower than the monopoly price, the direct effect of a decrease in 6,
is a fall in the expected price. If ; decreases at the expense of 0,,, there is an additional
indirect effect on the expected price. Following the change in 6, consumers search more
intensely as they are more likely to face a market with price dispersion. Therefore, sellers
in a market with n sellers lose their market power because the share of consumers who
compare prices rises. Despite the fact that more searching also leads to more resources
spent on search, consumers are better off.

The understanding behind (ii) is intuitive. Since the equilibrium price in a market
with at least n+ 1 sellers is equal to the production marginal cost, a decrease in j > n+1
accompanied by an increase in i(> j) does not change the expected price. Also, it does
not affect consumer search behavior, as this change in 6 does not affect the expected level
of price dispersion. Then, market power of sellers for any realization of n does not change,
nor does consumers’ well-being.

Finally, the intuition behind (iii) is as follows. First, there is a direct effect on the
expected price. Since prices in j = n are bounded above the production marginal cost
and the equilibrium price in a market with ¢ sellers is equal to zero, the expected price
decreases. There is also an indirect effect. Consumers search less following a decrease

in ¢;. This is due to the decrease in the likelihood that consumers face a market with
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equilibrium price dispersion. Less search, on the one hand, raises the market power of
sellers in a market with n sellers. On the other hand, consumers economize on search costs.
The proof, however, demonstrates that the negative effect of greater product availability
on buyers’ well-being dominates its positive effect.

To illustrate the idea, consider an example with N = 3, ¢ = 0.05v, and 05 + 03 = 1,
where #3 increases from 0.1 to 0.2. In a unique stable equilibrium with active search,
buyers randomize between searching 2 and 3 firms. This means that the prices are dis-
persed in a duopoly market and triopoly sellers charge a price equal to the marginal cost
of production. Following the increase in €3, the share of consumers who search all three
firms drops from approximately 0.78% to 0.70%, which is around an 11% decrease. The
expected price increases by around 14%—from 0.195v to 0.222v. As a result, consumers’
surplus (incorporating search costs) falls from approximately 0.716v to 0.693v, which is a
decrease of 3.2%.

So far we have considered the impact of marginal changes in # on market outcomes.
Thus, as the final point of the section, we provide some insights on substantial (as opposed
to marginal) changes in the product availability on the market outcomes. From Section
4, it follows that there may be two stable SBNE for certain parameter regions. One of
the SBNE occurs in pure strategies of consumers, whereas the other in consumers’ mixed
strategies. With the help of numerical simulations, we report how market outcomes change
in those two equilibria.

Figures 3 and 4 illustrate the impacts of greater product availability on the expected
price paid by buyers and their well-being. We used the following parameter constellations:
N =3,00+60; =0,v=1and ¢ = 0.04. The horizontal axes in the figures represent the
value of 05. We fix 05 + 65 = 1 and increase the value of 65 from 0 to around 0.68. The
vertical axis in Figure 3 stands for the expected price paid by a random buyer, while in
Figure 4 it stands for buyers’ surplus. The solid lines represent the respective variables
in an SBNE where buyers play mixed strategies. The dashed lines correspond to the
respective variables in a SBNE characterized by pure strategies of buyers.

From both figures, we can see that for sufficiently small values of 83, there only exists
a stable SBNE in mixed strategies of consumers: some buyers searching 2 firms, while the
remaining ones 3 firms. In contrast, for moderately high values of #3, only a stable SBNE
in pure strategies of buyers exists: all buyers search 2 firms. Finally, for moderate values
of A3, both stable SBNEs exist. In Figure 3, the expected price rises with 63 in the SBNE
where consumers play a mixed strategy, whereas the expected price falls with #3 in the
other SBNE. Notice that for the value of 5 where both SBNEs exist, the expected price
is higher in the equilibrium characterized by pure strategy of buyers than in the other
equilibrium. Figure 4 depicts a similar picture as Figure 3. Importantly, consumers’

surplus is decreasing with a greater product availability in the SBNE where buyers play
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Figure 3: Impact of greater product Figure 4: Impact of greater product
availability on the expected prices. availability on the buyers’ surplus.

mixed strategies, while it is increasing in the SBNE with buyers’ pure strategies. For
values of A3 where both types of equilibria exist, buyers are better off in the SBNE with
mixed strategies. This is not surprising, as in the SBNE with consumers’ mixed strategies
they search more and impose more competitive pressure on sellers than in the SBNE with
pure strategies.

Now, we discuss the impact of a change in ¢ on market outcomes.

Proposition 6. In any stable SBNFE characterized by consumers randomizing over search-

g k and k+1 firms, an increase in ¢ causes less search and impairs consumers’ well-being.

It is fairly straightforward that an increase in search cost mitigates consumers’ will-
ingness to search. We know that less search is associated with a greater market power
of sellers. Also consumers are less likely to find the product. Still consumers spend less
resources on search costs. In the appendix, we show that the former two negative effects

of an increase in search cost on consumers’ well-being dominate the latter positive effect.

5.2 Consumers Playing a Pure Strategy

We continue our comparative static analysis to SBNEs where consumers play a pure
strategy. Notice that there is a continuum of search costs under which such an equilibrium
exists. This means that marginal changes in 6 or ¢ do not affect search behavior of buyers
and, therefore, pricing strategies of sellers. Nevertheless, these changes affect consumers’
well-being as well as the total expected price paid by consumers, as we show in the

following proposition.

Proposition 7. In any stable SBNE characterized by all consumers searching k firms,

(1) an increase in 0; with a corresponding decrease in 0; does not affect consumers’

search behavior and
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(a) pushes down the average expected price paid by consumers who make a purchase

and improves buyers’ well-being for j < N — k + 1,

(b) has no impact on the expected price paid by consumers who make a purchase

and on buyers’ well-being for 3 > N — k + 2;

(ii) an increase in ¢ does not affect consumers’ search behavior, the expected price paid

by buyers who make a purchase, and impairs their well-being.

The intuition behind (i) is as follows. The expected price paid by a buyer, conditional

on observing at least one price, is
Ank,1

1 —anko
The higher the fraction ;. 1/(1 — ko), the greater the expected price paid. The proof
shows that this share is decreasing in n, for 1 <n < N — k + 1. To illustrate the point,
Figure 5 depicts this share (the vertical axis) for different values of n (the horizontal axis).
As sellers’ pricing strategy and buyers’ search strategy remain the same following changes
in 0, the more product availability, as in (a), translates into a lower share of buyers who
drop out of the market. This, along with the lower expected price conditional on making
a purchase, implies that buyers’ well-being rises. However, this is not true if a greater
product availability is as in (b). In that case, all buyers in both markets, one with i
number of sellers and the other with j number of sellers, make a purchase and pay price
equal to the marginal cost of production. Hence, the changes in 6; and ¢; do not affect

market outcomes. In Figure 5, this is illustrated by 7 =9 and ¢ = 10.
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Figure 5: Fraction of consumers who observe exactly one price, conditional on
observing at least one price, as a function of n for N = 10 and k = 3.

Part (ii) of the proposition is straightforward. An increase in search cost causes nothing
but a rise in the total resources spent on search by consumers. As a result of this, buyer

welfare declines.
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6 Search Cost Heterogeneity

In this section, we extend our model to address consumer heterogeneity. There are numer-
ous ways to model consumer heterogeneity, but here we focus on heterogeneity of search
costs. There is an ample empirical evidence suggesting that buyers differ in their search
costs in real world markets (e.g., Hong and Shum (2006), De los Santos et al. (2012),
Honka and Chintagunta (2017)).

The most common way of incorporating search cost heterogeneity to our model is the
introduction of consumers who observe all prices in the market for free. With respect
to search costs, one may think of these buyers as ones with zero search cost or ones
who enjoy shopping (e.g., Stahl (1989), Janssen and Moraga-Gonzalez (2004)). Thus, we
assume that A € (0,1) is the (exogenously given) share of buyers who observe all prices.
Call these costless buyers, and refer to the rest of the buyers as costly buyers. Since our
aim is to show that the main mechanisms of our model are present in the presence of
search cost heterogeneity, we will restrict our attention to 65 > 0, or n = 2. The rest of
the model and timing of the game are the same as in the main model.

Like in the main model, there is a unique stable SBNE, where costly consumers search
actively, for sufficiently small search costs. In the equilibrium, costly buyers randomize
over searching N — 1 and N firms. Then, it is easy to see that a monopolist seller sets
price v whereas sellers in a market with n > 3 price at the production marginal cost.
Duopoly sellers play a mixed-strategy. If we let ¢ = gy_1 so that gy = 1 — ¢, the expected
profit of seller j that sets price p is

) = |10 (5 + (D52 + (1= 0)) al) ) + Asa() ]

It is easy to establish that the highest price in the support of z5(p) must be equal to v.

Using this fact, we can derive the price distribution:

za(p) = p(q) (f—? - 1) , with support [%v,v] ; (5)

where
q(1—X)
—2¢(1-2)

u(q) = N

which is the ratio of locked-in consumers to that price comparing buyers (as in Varian
(1980) and Stahl (1989)).

Given the above pricing of the sellers, a costly buyer is indifferent between searching
N — 1 and N firms if

c = — (E[p] — E[min {p1, p2}]), (6)
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where E|[p] is the expected price and E[min {p;, po}] is the expected minimum of the two
prices in the duopoly market. The following proposition shows that there exists a solution

to (6) for sufficiently small search costs.

Proposition 8. For anyv >0, n =2 and X € (0,1), there exists ¢ € (0,v) such that for
¢ < there exists a unique stable SBNE given by ((z,)0_, ,q), where

0, p<uo,
1—a1(p) =
I, p=w,
0, p<0,
1 —xz,(p) =
1, p>0, for 3<n<N,

xo(p) is given by (5), and q is implicitly determined by (6).

Our main concern is the impact of greater product availability on prices and costly
consumers’ well-being. Like in the previous section, we say that a product is more available
if 0; increases at the expense of §; where 7 > j. The following proposition states the main

result.

Proposition 9. In the unique stable SBNE where costly consumers randomize over

searching N —1 and N firms, an increase in 0; with a corresponding decrease in 0;
(i) decreases the expected price and improves costly consumers’ well-being for j =1,
(ii) does not affect the expected price and costly consumers’ well-being for j > 3,

(7ii) raises the expected price and harms costly consumers’ well-being for j = 2.

The intuition is similar to that behind Proposition 5. The only quantitative difference
is that, following a greater product availability, the expected price paid by buyers condi-
tional on purchase rises to a lesser extent than in Proposition 5. This is clearly due to

the presence of costless buyers who always pay the lowest price in the market.

7 Price Comparison Websites

In this section, we extend our model even further to analyze roles of price comparison
websites. Online platforms which aggregate prices serve as a less costly means through
which buyers can obtain information about active sellers and their prices (e.g., Brown
and Goolsbee (2002), Ellison and Ellison (2009)). We model such markets by allowing

costly consumers to search for the product and prices on a price comparison website.
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We demonstrate that greater product availability results in a higher expected price and
reduces consumer welfare.

We incorporate a price aggregating platform to our model as follows. A costly con-
sumer learns for free whether the product is available at a randomly selected firm and, if
it is, what price it charges. After that, the consumer decides whether to access a price
aggregator (or simply search) at cost c. If she searches, the consumer learns product avail-
ability at the rest of the firms and prices (of all active sellers). If she does not access the
price aggregator, she can make a purchase from the initial firm whose price she learned,
given that the firm has the product, or can drop out of the market in case the firm does
not offer the product. Such search protocol is known as newspaper search in the literature
(e.g., Varian (1980), Dana (1994)).

There are several important differences of the above search protocol from the tradi-
tional newspaper search widely used in search literature where consumers know product
availability. In the literature, a price aggregator provides information about prices. In
our paper, it gives information about both product availability and prices. Specifically,
consumers before searching do not know how many prices they will obtain from a price
aggregator. Hence, uncertainty about product availability is an essential factor that affect
consumers’ decision whether or not to search on the price aggregator.

To pinpoint the important mechanisms of the model, we simplify it by assuming that
N = 3 and 6y + 6, = 0. Following the literature on newspaper search, we assume that
A € (0, 1) share of consumers are costless consumers as in the previous section.

The timing of the game is as follows. First, nature chooses sellers in the market
according to #. Firms observe which of them entered the market. Second, sellers simulta-
neously set prices. Costless consumers observe all prices. Third, without knowing prices
and product availability, each consumer observes product availability and a price (if the
product is available) of a randomly chosen firm. Fourth, costly consumers choose whether
to search or not. Searching consumers observe product availability and prices in the entire
market. Consumers who observe at least one price may make purchase.

We employ a Symmetric Reservation Price Equilibrium (SRPE) to solve the game. An
SRPE is a Perfect Bayesian-Nash equilibrium, where costly buyers employ a reservation
price strategy. The reservation price of a costly consumer, denoted by p, is a price at
which she is indifferent between buying from the first seller and searching prices on a
price aggregator. If a price that a consumer observes before accessing a price aggregator
is lower than p, she makes a purchase outright; and if it is higher than p, the consumers
searches. We assume that in equilibrium, a costly consumer buys outright from the first
seller even if its price is equal to p because, if the consumer observing p searches with
strictly positive probability sellers can always slightly undercut prices below p. Hence,

an SRPE is a distribution of prices (z,,)3_, and the reservation price p such that (i) each
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sellers maximizes its profit given n and strategies of other sellers and consumers, (ii) each
costly consumer searches according to the reservation price strategy p, (iii) and costly
consumers have passive beliefs and update their beliefs according to Bayes’ rule whenever
possible.

Points (i) and (ii) in the previous paragraph are intuitive. Point (iii) allows a costly
consumer to update her belief about realization of n after they learn product availability
and price (if the first firm offer the product) of the first firm. Passive beliefs means that,
if a costly consumer observes a price that is not a part of an equilibrium, she believes that
the other sellers do not deviate. Also when a costly consumer observes a price which the
not in the support of both equilibrium x5 and z3, she assigns an equal probability to each

n=2andn=23.

7.1 Equilibrium

In the following proposition, we show existence of an SRPE and characterize it.

Proposition 10. For any v > 0, 8y =0, 6; = 0, and n = 2, there exists X € (0,1) such
that for A > X there exists an SRPE given by ((x,)3_,, p) where

2a(p) = L= (mm{p’”} —1), with support K;—;) mm{p,v},mm{p,v}], (7)

1420 P

25(p) = [13_AA (mmg””} - 1)} ;, with support {(11;21) min{p,v},min{p,v}}(,gg)

and there exists ¢ such that for ¢ <¢, p is determined by

min{p,v}
K (1 —23(p)*) dp = c (9)

1—X) min{p,v}
T2

and for ¢ >¢, p=w.

The intuition behind the proposition is as follows. We first suppose that there exists
a unique p and derive optimal pricing of sellers. Then, we check whether there exists a
unique p, given the pricing policy of the sellers.

For a given p, we obtain the following properties of price distributions: z,,(min{p,v}) =
0 and x,, has no mass points or flat regions in its support for n = 2, 3. The intuition behind
the first point is that, given no other sellers price higher than min{v, p}, an individual
seller that prices greater than min{v, p} does not make sales. If p > v, consumers clearly
do not buy at a price greater than v. If p < v and a seller prices higher than p, costly

consumers who visit the seller under question search and buy from a rival seller since
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rival sellers price below p. Also consumer who happen to visit one of rival sellers buy
outright from them. Costly consumers who happen to visit an inactive firm engage in
search because exiting the market without purchase is payoff equivalent to buying at price
v. These consumers observe all price and clearly buy from a rival seller that has the lowest
price. That z,, is atomless and contains no flat region follows from standard arguments
in search literature.

As the next step in the proof, we determine uniqueness of p. Note that, if a costly
consumer observes price p in the support of x3, she updates her belief about the probability

that there are two sellers, denoted by w(p), according Bayes’ rule:

20,24 (p)
20,a%(p) + O325(p)

w(p) =

Since x4(p) = —(1 — AN)/[(1 4+ 2)\)p] and z%(p) = —oo, we have w(p) = 0. Then, it is easy
to see that the reservation price is determined by (9). Observe that the left-hand side of
the equation is strictly increasing in p. Since the left-hand side of (9) is independent of
p, there must be a unique solution to the equation if there exists one. If the solution does
not exist, we set p = v.

Finally, we determine conditions on A under which the above SRPE exists. The reason
we do so is that, when a costly consumer observes a price in the range between the lower
bound of the support of x5, which is (1 — A\)min{p,v}(2 + ), and that of z3, which is
(I — XN)min{p,v}(1 + 2X), at the first seller, she correctly concludes that there are two
sellers in the market. Hence, there is a discontinuity in the posterior belief of a costly
consumer at the price slightly below the lower bound of the support of x3. A costly
consumer that observes this price does not search, or acts according to the reservation

price p by making a purchase outright, if

(353x ) min{p}
(1 —a2(p)) <c
(323 mintpo)

A solution to the above inequality determines the cutoff A, such that the SRPE exists.

We note that the behavior of costly consumers who observe that the first firm does
not have the product correctly conclude that there are two sellers in the market. Yet
such consumers do not act differently from consumers who observe price in the support
of x3 at the first firm. The reasoning is as follows. Suppose a costly consumer observes a
price equal to p at the first firm. She concludes that the market is a triopoly and, thus,
indifferent between buying immediately and searching. Now, suppose that this consumer
finds that the first firm does not offer the product. Then, we can say that the consumer

observes a price equal to v and concludes that the market is a duopoly. This consumer
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clearly searches if p < v. If p = v, the consumer still searches as she has a higher incentive
to search than she would have if she knew that the market was a triopoly. As a result,
costly consumers who do not find the product at the first firm always search, and such a
behavior is consistent with SRPE.

7.2 Impact of Greater Product Availability

Now, we assess an impact of an increase in product availability on consumers’ welfare.

Proposition 11. An increase in 03 with a corresponding decrease in 05 raises the expected

prices and harms consumers.

The proof is in the appendix, and the intuition is as follows. Notice from equations 7
and 8 that the change in 6 (as in the proposition) does not affect pricing policies of the
sellers if it does not affect costly consumers’ search strategies. It is easy to see that the
reservation price of costly consumers in (9) is independent of §. Then, greater product
availability does not change behaviors of both sellers and buyers. However, since the
expected price in a duopoly market is lower than that in a triopoly market, the ex-ante
expected price rises. This implies that consumers are worse-off simply because they are
more likely to face a less competitive market.

The intuition behind why the expected price is higher when there are more sellers is
akin to that in traditional models of Varian (1980) and Stahl (1989). As the number
of sellers in the market rises, competition for costless buyers intensifies and each sellers’
share of locked-in consumers falls. The former impact is higher than the latter so that
sellers choose to focus on reaping-off locked in consumers rather than fiercely competing
for costless buyers. As a result, the expected price is higher with 3 sellers than with 2

sellers.

8 Conclusion

We see the current paper to be the first to address information asymmetry between buyers
and sellers on product availability in search markets. The results of the paper suggest
that ignoring such uncertainty in the analysis may be misleading. Importantly, accounting
for information uncertainty about product availability may help to better evaluate policy
interventions, such as stimulating firm entry. If policy makers ignore this uncertainty,
they would expect such policies to lead to greater number of competitors and, therefore,
stronger competition. However, if buyers’ uncertainty is taken into account, it may reveal
that the policy may mitigate consumers’ willingness to search, which may lead to softer

competition.
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We understand that the model is restricted in a sense that it considers a homogeneous
goods market. In reality, goods are differentiated in many markets and buyers compare
different deals not only on the basis of prices but also other characteristics of products,
such as quality or appearance. Therefore, a natural extension of the model would be
to consider differentiated goods, as in Perloff and Salop (1985), Anderson et al. (1992),
Moraga-Gonzalez et al. (2018). The extension may introduce new mechanisms. For
example, the presence of uncertainty on product availability will motivate consumers to
search more than in the absence of it. Still, it is ambiguous whether sellers respond to the
presence of uncertainty by lowering their prices, as a consumer who observes two prices
may still buy from a seller with a higher price because their product has a higher match

value than that of the lower-priced seller.
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A  Proofs

Before we prove Proposition 2, we present a lemma that points out an important rela-
tionship between o, (z) and ayk.1(x).

Lemma 2. Zin:O Qnkeom > anzo Qpgt1,m for all0 > 1>k + 1.

Proof. We prove the lemma with the help of the following three claims.

Claim 1. a,r0 > apry1o foranyn <n < N —k and a1 > oppy1n forn =N —k+ 1.
Proof of Clatm 1. It is straightforward to calculate:

") (klf)_(N—n)!(N—k—l)!( N —k _1)>0‘

(67 — Oy = - o
k.0 k41,0 (gg) (kJL) NI(N—-n—k—-1)! \N—-n—k

Forn =N — k + 1, we have

0 D B i Gl IO ) [ QD

Ank1 — Opk+1,1 = - = > 0,
(1) (1) (ve)
where the second equality is due to the fact that (kgl) = 0. O

Claim 2. Probability series—aui 0, Qnk. 1, ---; Onk s —15 Single peaked with arg max o m <
arg Max Opjg41,m- "

m
Proof of Claim 2. Note that ayy , is a probability mass function of a hypergeometric dis-
tribution. The function assigns strictly positive probabilities only to 0 < m < min {n, k}
and zero probability to other values of m, where m is an integer. It is known that the hy-
pergeometric distribution is unimodal. Then, ., achieves its maximum at the integer

above value t; which satisfies ar, = Gy, Clearly, the equality implies

N—n\/n\ _ N —n n
k—te)\te) \k—tp—1)\tx+1)
It is easy to check that this can be reduced to
(N —n — (k’ — tk — 1))(tk + 1) = (k’ — tk)(n — tk),

which yields

b= J}Y; Dy (A1)

Notice that it is possible that ¢, < 0. Define M(z) to be an operator which spits out z
if z is a positive integer, the next high positive integer if z is a positive fraction, and 0 if
z < 0. Then, the solution to arg max,, G, is t; such that

ty = M(ty).
Similarly, the solution to arg max,, Q,k41.m iS
thrr = M(tgi),
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where, it is easy to check that,

(k+1)(n+1)

ter1 = A2
A (42)
Then, arg max,, Qpm < argmax,, Qpg+1,, holds if
(k+1)(n+1) (k+1)(n+1)
tk == - 1 S - tk+17
N +2 N +2
which is certainly true. This completes the proof. O

Claim 3. s,km < Snkt+1m for any 0 <m < k.

Proof of Claim 3. 1t is easy to calculate that

Sk = Onkmt1 (k]_\;L) (mr—ll-l) _ (k—m)(n —m)
o ko Cmmy (N=n—(k-=m-1))(m+1)’
Snbilm = Upk+1m+1 _ (kivf—nm) () _ (k+1—m)(n—m)
nk+1,m Qnkt1,m (2/_—7:) (mil) (N—n—(k—m))(m+1)

Both spm and Spk41,m are less than 1 for m close to min {k, n} meaning that the series
are decreasing in m for high values of m. Observe that s,x, < Spk+1m is true if
k—m - k+1—m
N—-n—(k—m-1) N-n—(k—m)’

which certainly holds because the numerator of the LHS is lower than that of the RHS
and the denominator of the LHS is greater than that of the RHS. O]

Claim (ii) implies that a , obtains its maximum no later than g1, in m. Claim
(iii) means that when a, , is increasing in m, it increases more slowly than auk41.m; Qnkm
starts decreasing in m no later than ayi41m; and when both gy and cpkm nkt1m
decrease in m, the former decreases faster in m than the latter. Along with Claim (i) and
the fact that anzo Onim = 1, these establish the the proof of the lemma. O

Now we are ready to prove Proposition 2.

A.1 Proof of Proposition 2

Proof of the first part follows from the discussion in the paragraphs after the proposition
in the body of our paper.

(ii) For this part, it suffices to show that, in equilibrium, it cannot be that consumers
are indifferent over searching k — 1, k, and k + 1 firms. The proof is by contradiction.
Suppose that consumers are indifferent over searching £ — 1, k, and k£ + 1 firms. Also let
k — 1(> 1) be the lowest number such that ¢g = ... = gx_o2 = 0 and gx_; > 0. Then, as
not buying yields the same payoff as buying at price v,the expected payoff that searching

29



k firms yields is

N—k+1

v = (0o +0)v - On <ank,ov - / pa;k(xn(p))wil(p)dp) —(k=1c

S
+

i
I3

i
ol
7

1
= v—(0p+01)v+ 0, (Oénk,ov + / pn(xn)o/nk(xn)dxn> — (k= 1)e,
0

where we used the fact that the PDF of the lowest k prices is

d

gp (L= (®)) = —han(p) 'L (p).

and obtained the second line by changing p(z,) to z. If a consumer is indifferent between
visiting k — 1 and k firms as well as k and k + 1 firms, the following set of equations must
hold:

N—k+1

; 0, ((ank_m ~ ool + /0 ) (0 () — (o) dxn) _.

N—k+1

1
Z On ((Oénk,o — Qpit1,0)0 + / P (@) (e (20) = gy (T0)) dxn) =c.
n=n 0

As the RHSs of the equations are equal, we have
Zg;ﬂkﬂ On <(ank—l,0 + Qnks1,0 — 2001,0)0 + fol p(xn) (a;’Lk—l(‘/L‘n) + O‘;Llﬁ—l(:”n) - 20‘;%(5571)) dxn) =0,

or applying integration by parts and the facts that a,;(0) = auro and a,,(1) = 1, and
p(0) = v, we obtain

N—k+1

- ) b /0 P (@) (et (T0) + Qg1 (T0) — 200k (20)) dz, = 0. (A3)

n=n

However, the LHS of the equality is strictly positive for € [0, 1], which we prove as
follows.
We, first, note the values of the LHS in the limits. At x = 0, the LHS reduces to

M N—(k=1)  N-n—k
W) (N—n—(k—1)+ N—k _2>
" (N—k)2+(N—l<:)+(N—n—(k:—1))2—(N—n—(k:—1))—2(N—n—(k—1))(]\]—k)]

™ (N —n—(k—1)(N—Fk

Apk—1,0 + Qnk+1,0 — 2ank,0 =

) (Vo) ((N—k)—(N—n—(k—l))>2+(n—1)

k

(%) (N—n—(k—1))(N —k) ’

(A.4)
which is clearly positive. For x,, = 1, the LHS is equal to zero forany n <n < N —k+ 1.
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Let

Qnk—1,m + Onkt1,m
2
k. ( (k—m)(N — (k—1)) N (k+1)(N—n— (k‘—m)))
2 k(N—n—(k—1-—m)) (k+1—m)(N —k) ‘

Onk,m =

Then, if cumulative distribution function anzo Qn.m second-order stochastically domi-
nates Zin:o Onkm, the LHS of (A.3) is indeed strictly positive for 0 < z < 1 as 2™ is a
convex function of m. Noting that a,y ., is a hypergeometric mass probability, it is easy
to see the following means

ank § Qnk,mI = k

n

Ok [m] = 3 Z (ank’—l,m + Canc—s—l,m) m =

m=0

(k—l—l—k—l—l)n_kﬁ
2N N

Noting that the following relationship between the variances V,,, ,[m|+ Vo, . [m] =
2V, [m] —2n(N — n)/(N*(N — 1)), we have

n(N —n)(N — k)

[e% - k )
ouelm] = Eq, [m*] = (B, [m])”
1 1
= 5 (Eank—l [mZ] + Eank+l [mQ]) - ZL (Eank—l [m]2 + Eank+l[ ] + 2E0¢nk 1[ ]Eank’+1 [m])
1 1
= 5 (Vank 1[ ] + Vank+l[ ]) + Z (Eank—l [m]2 + Eank+l [m}Q - ZEank—l [m]Eank+1 [m])
n(N —n) n?
=V, -+ —.
Notice that the latter variance is greater than the former if % NQ > % or n > N R

which is certainly true for n > 2. Hence, Z 0 Onk,m 1S @ mean—preservmg spread function

of Zm 0 Qnkm for n > 2, which implies Zl ozm 0 Onkm > Zz ozm 0 Qnjem for [ <

n — 1 ie., the Second—order stochastic dominance of the latter over the former. As 2"

is a decreasing convex function of m for 0 < z, < 1, it must be Y " _ 2" 0ukm >

> o T Ok OF O i () — () < 0, which proves that the LHS of (A.3) is strictly

m=0 “"n
positive, a contradiction. This proves that, in equilibrium, consumers cannot be indifferent

among searching k — 1, k, and k£ 4 1 firms. This completes the proof of the proposition.

A.2 Proofs of Proposition 3

We use the following claim to prove the proposition.
Lemma 3. P, — Py, is positive and strictly concave in q € (0,1).

Proof of Lemma 3. That P, — Py is positive follows directly from the stochastic domi-
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nance in Lemma 2. To show that P, — Py is strictly concave, we note that

d(Py — Pyy1) — ZN—k+1 0 fl (. (wn) — O‘%kﬂ(*’”n)) (ank,lalnkﬂ(%) - ank+1,10‘;zk($n)) d
o B Bl "

and

dQ(Pk — Pry1) - Nk fl Q/B;Lk(xn)(a;@k(xn) - a;kﬂ(a:n))z (O‘nk,lailkﬂ(xn) - ank’JrLla;zk(xn)) de
daj = (8] "

which is negative if W, (2) = appi0d 1 (2n) — Cprg1.100,(2,) > 0 for each n > n and
x € (0,1). To simplify the notation, we write = to imply x, unless stated otherwise.
Note that ¥,,(0) = ank10nkt11 — Qnk+110nk1 = 0. Then, ¥, (x) > 0 for x € (0,1) if
dV¥,(z)/dx > 0 for « € (0,1). To show that the derivative is positive, we first note that
W, (2) is | = min {n — 1, k} times differentiable in . Second, we point out that /th (where
| < 1) derivative of the function is

dl‘yn@) dl@%kﬂ(ﬂf) dl@%k(w) d'
T = anMT — ankﬂ-l,lT@a;k(aj)
k+1 | k | (A.5)
S LIS L B
=D (m =
m=l m=l
d',, ()

Third, we prove that —2= > 0 for each [ such that 1 <[ < . We start by considering
I'th derivative of W, (x). For n — 1 > k, we have

d*V, (z)

ok i1 (B + Dlapga g1 > 0.

This means that d*~1W,(z)/dz*~! in (A.5) is increasing in z. Then, however, it must be
that d*~1W,,(z)/dz*! > 0 if it holds for z = 0. It is easy to see that

k—1

d" 1, (x) B ol "

— 7 = Qpk1R-Cnk+1.k — Opk+1,1R:0nk k,
drk—1

z=0

which is positive if auk k11, = Qnkt1,100k,k, Which expands to

(kﬁfi‘l(zz()?()k%ﬁ &) _ (JZif)((g E:%‘)_k) @ <N - ”> < <JZ :?) (N —n),

N—n < N—n (N —n)k
M) =)y

This is true if N —n — (k — 1) < (N — n)k. The last inequality can be simplified as
0 < (N —n+1)(k—1) which is clearly true. This shows that (A.5) for [ = k—1 is positive
for z = 0. Then, (A.5) for [ = k — 1 is strictly positive for any x € (0,1).

Now, we repeat similar steps to show that (A.5) holds for | = k — 2. Namely, the fact
that d*~1W,,(2)/dz* > 0 for z € (0, 1) means that d*2W,,(x)/dx*~? is strictly increasing
in z € (0,1). Then, d*=2V,, (x)/dz*2 > 0 for x € (0,1) if it is positive for z = 0, or

or,
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d*=20,, (x) /da*=2|,—9 > 0. Instead of proving the inequality each time, we demonstrate
that this holds for each [, which is true if a1 10k < Qe alloggr1, or

Qnk1,10nk1 < Qlpk 1 Olpkt1 - (A.6)

The inequality can be expanded as

GGG GO 0)
OO F8) B 1155 A

(N <o)
) GEsems) < (O o)

This reduces to _k;_“(rlj_l) < v £ g The last inequality clearly holds as the numerator
of the LHS is not greater than that of the RHS, and the denominator of the LHS is not
smaller than that of the RHS. This proves that (A.6) holds for any [ such that 1 <1 <k,
which in its turn proves that (A.5) is positive for each [, including [ = 1. Then, it means
that W, (z) is increasing in . Since ¥, (0) = 0, it follows that ¥, (x) > 0 for x € (0, 1).
Now, it is left to consider the case where n—1 < k. Like in the previous case, it suffices
to show that d¥,(z)/dx > 0 for = € (0,1) since ¥,,(0) = 0. For that, we apply the same
method as for the case of n — 1 > k. First, we note that if each of I'th (2 <[ <mn—1)
derivative of W, (z) with respect to z is positive, then d¥, (z)/dx > 0. Second, we note
that
- EDOWRE OB,
e

DIEAI. ML)

which implies

which is strictly positive if

N —n N —n k - N —n N—n k—n+1
k k+1—n) \N—-n—(k—1) k k+1—-n N—-k )’
or k ) k]’v’il. Clearly, the inequality holds as the numerator of the LHS is

greater than that of the RHS and the denominator of the LHS is smaller than that of
the RHS. This demonstrates that -4t () > 0. The following step is to show that

de"71 n
dd—;lllln(m) > 0 and dd—;l\I/n(x) | ,—o = 0 for each [ such that 2 <1 <n — 2, which proves that
dd—;lllln(x) > 0. The former is certainly true which follows from the proof of (A.6). This
proves that dV¥,(z)/dz > 0 for = € (0,1) because ¥, (0) = 0. The proof of the lemma is
now complete. O

Now, for the proof of the proposition, we first prove existence of ¢; ., and 41 as
well as ¢, ;.11 < Crk+1 such that (2) holds for ¢ € (¢ ;1 1, Chpt1). From Lemma 3, it follows

that ¢; ., = min {lim(P;€ — Piyq), im (P, — Pk+1)} and ¢ g1 = max { P, — Pry1}. Due
’ qr+0 qr 10 9k

to strict concavity of P, — Pyy1, we have 0 < ¢ 50 g < Crpeg1-
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Next, we show that buyers’ participation constraint is satisfied, i.e., buyers prefer
searching k and k + 1 firms to not searching at all. This is certainly the case if P + (k —
1) k1 < v. We fix pricing strategies of firms in an SBNE for ¢ = ¢ ;41 and note that

P+ (k - I)Ek,k—&-l < P11+ (/{Z - 2)Ek,k+1 < ...

N—k+1 g
< Pl = (90 + ‘91)?) + Z en (anl,OU - anl,O/ pa:;(p)dp>
p

n=n Ln

< .

This proves that buyers’ participation constraint is satisfied.
Finally, we demonstrate that ¢, .,y = 0 for k = 1 and k = N —n + 1. For that,
it suffices to prove that P, — P, and Py_,+1 — Pn_,+1 converge to zero as ¢ — 1 and

qN-n+2 — 1, respectively. Since o (z,) = 1,1, we have

N

1 ! !
. . (Oé 1(l'n) —Q 2(1.”))
lim(P, — P,)) = lim 0, o — Qo +/ . n n dz,,
qllTl( 1 2) qllTl n=2 ° ((a H0 “ 270) 0 /6 b ﬁ;ﬂ(xn) !

- é&nv ((Oém,o — Qo) + /01 (g () — Ao () d:pn) =0.

Here, the first equality in the second line follows from the facts that

lim ﬁ;ﬂ(wn) = lim [gran11 + (1 — 1)@ (an21 + Qn22®n)] = an11,
11l qi Tl

lim = Qn11,

@t ﬁnl,l 1,1
while the second equality in the second line follows from facts that a,;(1) = an2(1) = 1,
n1(0) = @n10, and a,2(0) = apo. To evaluate Py_y+1 — Py_nt1 88 ¢n—nt2 T 1, we start
noting that, in an SBNE where buyers randomize between visiting N —n + 1(= k) and
N —n+2(= k+1) firms, only sellers in a market with n sellers play mixed strategy pricing.

Also as ok = pk+1,0 = Quik+1,1 = 0 meaning that lin%l Bop1=0for k=N—-n+1,it
qk+1 -

follows that

5/@1@(@)

VB (A (xn) — o (zy,
lim (P — Pyy1) = lim v (an,o — Qpk41,0 +/ P ( ﬂk( ) JCH( 7>) dxn)
qr+1T1 qk+1T1 0
=0.
Then, it is indeed that ¢; ., =0for k=1and k=N —n+ 1.
The proof of the Proposition is complete.

A.3 Proof of Proposition 4

We first prove the existence of the cutoff values of search cost. In the proof of Proposition
2, we showed that the benefit of searching kth firm is greater than that of searching £+ 1th
firm. This means that Py + Pyy1 — 2P, > 0. Due to strict inequality, it follows that

34



there must exist a range of value of ¢ such that (4) holds. Moreover, it must be that

¢, = (Py — Posalae = 1),

AT

with 0 < ¢, <©¢ <w.
We next show that buyers’ participation constraint is satisfied. This is true if v >
Py + (k — 1)¢,. For given pricing policies of sellers in an SBNE for ¢ = ¢, we have

Pk+(k—1)6k < Pk—l_(k:_2)6k<
N—k+1

< Pr=(0g+6)v+ Z 0., (Oém,ov + anl,l/ px;(p)dp>
pn

n=n

< .

Thus, the consumers’ participation constraint is indeed satisfied. This completes the proof
of the proposition.

A.4 Proof of Corollary 1

It suffices to prove that (i) ¢, > 0 for any 2 < k < N —n+ 1, (ii) Py_nt1 — Pn_ni2 18
increasing with ¢y_,+1 in the neighborhood of 0 and (iii) P, — P is decreasing with ¢; in
the neighborhood of 0.

For (i), we note that ¢, is equal to P, — P41 evaluated at g, — 1 in an SBNE where
consumers randomize over searching k£ and k£ + 1 firms. Then, it suffices to show that
111rTr1P;€ — Piy1 >0forany 2 <k < N —n+ 1. It is easy to see that
a

—k+1

lim (Py — Pryq1) = — lim Z 0, / Pl () (ke () — apper1 (22)) d,.

qkﬂl qkﬁl

As pl (z,) < 0, the limiting expression is strictly positive if ayi(x,) — @1 (x,) > 0 for
some n such that n < n < N — k+ 1. For n = n, the inequality reduces to aui(z) —
Apk+1(x) > 0, which certainly holds due to the stochastic dominance in Lemma 2.

For (ii), we recall from Lemma 3 that Py_,41 — Py_yn+2 is positive and strictly concave
in gn_nt+1. Also from the proof of Proposition 3, we know that

lim (PN—@—l—l - PN_ﬂ_i_Q) = 0.
qN—n+140

These two observations mean that Py_,4+1 — Py_,t2 must be increasing with gy_p41 in
the neighborhood of 0.

For (iii), we again recall from Lemma 3 that P, — P, is positive and strictly concave
in ¢;. In addition, we know from the proof of Proposition 3 that

@l

These two facts imply that P, — P, must be decreasing in ¢; in the neighborhood of 1.
Points (i), (ii), and (iii) establish the proof of the corollary.
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A.5 Proof of Proposition 5

We first note that a locally stable SBNE in mixed strategies of consumers is a unique
locally stable SBNE for ¢ € (0,min{c,,cy_,,1}). That the lower cutoff value of the
search cost is zero follows from Corollary 1.

Second, we observe that for any realization of n > n sellers price at the production
marginal cost in equilibrium. To see that, replace £ by N —n + 1 such that N —k+2 =
N—(N—-n+1)+2=n+1. From Proposition 3, it follows that sellers in a market with
at least N — k + 2 = n + 1 number of sellers price at the marginal cost of production.
Parts (i) and (ii) of the proposition directly follows from these facts.

For the proof of part (iii) of the proposition, we note that P, = (6y + 01)v +
Hﬂfol pu(z) (2)dz, where p,(z) = quogeav/fp(2n) and k = N —n + 1. Similarly,
Poyr = (6o +01)v+ 0, fol Pn(x)a o (x)dx. Therefore, the indifference condition of an
individual consumer is given by

0, / Pal2) (@ (2) — Aoy (2)) dz = . (A5)

Next, buyers’ total outlay is equal to

1
@Pe + (1 — qp)Pesr + (K +1—qp)e= (g + 01)v + Qn/ (@) (2)dz + (k4 1)c,
0

where we used (A.8) to obtain the equality. The change in the outlay due to a lower
product availability, which is associated with an increase in 6,,, is given by

d((Bo + 01)0 + 0, [ (@)l () + (k + 1)c)
db,

= [ el

1
40 0f0 pu(T)a 1 (z)de y %
B g, do,

Since in equilibrium it must be that

dby, [} pa(@) (aly () — iy (@) doo
do,,

N /o Pa(@) (0 (%) = Appya (7)) doo

1 / !
+9naf0 P@(l‘) (ank(‘r) - ank+1(x)) dx y % ~0,
B 8qk d@n

the change in the buyers’ outlay can be rewritten as

9 [ pu(@) s (2)dz [ [ pu(e) (ol (2) — alyyy () da

aqk‘ 0 8f01 pﬂ(az)(o/nk (T) =1 (x))d:z:
o Oy,

1
/ P@(f)a%kﬂ(x)dx — O
0

This can be rewritten as

0 1pn(:r:)a;1 (x)dx . 0 lpn(x)a; (x)dx ,
f() 78% u folpﬂ(x>ank+1($)dx_ fo — aqkk+1 folpn(x)ank(x)dx-
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The expression is negative if

" 1 00 (2) g1 () b Qa1 04 () Y [a%kﬂ(x)]z e RN )
d. dr — d. Ak g < 0,
/o Bl)” / Ble) / BL(@)]” / Bul@) T

or

b (1) (2) g (2) _ 1[ nk+1 (z)
/o Fa@P " @ / / EROR

Letting h = o/, (x) /B, (x), implying (1 — gxh)/(1 — qx) = oz;lkﬂ(x)/ﬁ;k(x), rewrite the
inequality as

1 1 1 1
/ h(1 — qkh)d:c/ (1 — gqxh)dx — / (1-— qkh)Qdaz/ hdz < 0.
0 0 0 0

This simplifies to
1 1 2
—/}ﬁm+(/im0 <0,
0 0

which is clearly true by Cauchy-Schwarz Inequality. This proves buyers’ outlay decreases
with lower product availability; or equivalently, greater product availability harms buyers.

As a final step, we show that the expected price must increase with greater product
availability. Notice that no buyer drops out of the market for any realization of n > n.
Also following an increase in the product availability, buyers economize on their search
costs as they search less. Hence, the only reason why buyers are worse-off due to greater
product availability is that the expected price they pay must rise. This completes the
proof.

A.6 Proof of Proposition 6

Clearly, a change in search cost does not directly affect sellers. Hence, any changes in
market outcomes caused by search cost must be through buyers’ willingness to search.
Recall that, in a stable equilibrium, P, — Pj,_; is increasing in gx. Then, an increase in
search cost, which must be accompanied with an increase in P, — P;_1, must raise g.
To see that buyers’ welfare falls with an increase in ¢, first note that in equilibrium it

must be
d(P, — Py_1)

de

Second, the change in the average expected virtual price, denoted by P, due to an increase
in ¢ can be written as

apP d (Pes1 + qi(Pr — Pry1)) _ OP11
de dc Oqx

. P11 dgy,
- (0% +)d e

—1=0. (A.9)

dqy, d(Py — Py_1)

Py — Poyy | =2
+ Iy k+1> dC+Qk e

where the second line is due to (2) and (A.9). Then, the corresponding change in consumer
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welfare is

d(U — P - [qk(k’ — 1) + (1 - qk)k] C) . 6Pk+1 qu qu
dc N Oqx e dc a = (k= ae) + dc ¢
_ (9P dax
8qk dc ’

As dgy/dc > 0, the derivative is negative if 0Py41/0q; > 0, or

N—k+1

! Wi () (ank,la%k () = ank+171a/nk:(x))
) Z Qn/ + /+ 5 dxr > 0.
n=n 0 [ﬁnk(‘r)]

However, we know from the proof of Proposition 3 that ami107,;, (%) — pps1100,,(7) is
positive for each n such that n < n < N — k + 1, which means that the virtual price
for n sellers market is indeed increasing in ¢. This shows that dP;; is increasing in ¢,
meaning that the derivative of consumer welfare w.r.t. ¢ is decreasing.

The proof is complete.

A.7 Proof of Proposition 7

(i) We prove that the average expected price paid conditional on buying decreases as the
product becomes more available. This, along with the fact that with greater product
availability as the share of consumers who does not make purchase (because they do
not find the product) decreases, will mean that buyers’ welfare improves when product
becomes more available.

Suppose buyers search k firms. Then, the expected price paid by buyers conditional
on their observing at least one price in a market with n sellers is (recall (3))

Qnk1
1 — amko

To prove (a), we need to show that the fraction ay1/(1 — auro) is decreasing in n such
that 1 <n<N-—-k+1,or

Ank,1 Ant1k,1 >0

I —apko 1 —aptino

Observe that the inequality certainly holds for a,x1 > quy1x1 because ag o > i1k
(which is easy to check).

Assume that a,r1 < apt11. Using the definition of o, and simplifying, it is easy
to show that a,r1 < au4151 translates into N —nk — k+ 1 > 0. Next, simplify the
inequality to be proven as

(1 — ant1k.0) k1 — (1 — Qnk o) nt1k0
(1 — ko) (1 — cptiko)

> 0.

The inequality holds if the numerator of its left-hand side is positive:

(1 — apy1,0) k1 — (1 — ko) @ntio > 0.
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Employing the definition of v, expand the LHS of the inequality as follows:

- e - e

>0,

or

N N-n-1 N —n [ (N N—-n N-n-1 (n+1) >0
k k k—1)" " [\ k k-1 )V ’
Since
N—-n—-1\ (N-n\N-n—k N-n\ (N-n-1 N —n
k o\ k N-n ' \k-1) \ k-1 JN-n—-k-1
simplify the inequality as

_(N><N_nk_k+1)+(N_”) (N —k+1)>0.

k k

Divide both sides of the inequality by N —nk —k+ 1(> 0) and N — k£ + 1 and rearrange

to obtain Nen N
) )
N-nk—k+1" N—-k+1’
or
(N —n)! N!

> ' : A.10

(N—n—FK!N—-nk—k+1)  (N—kNN—-k+1) ( )
Observe that for n = 0, the LHS and the RHS of the inequality are equal to each
other. Then, the inequality holds for all 1 < n < N — k + 1 if the LHS is increasing in
n. To show that, we take the derivative of the LHS with respect to n and show that it is
positive. As n is an integer, we apply Gamma function to take the derivative. First, we

rewrite the LHS as
I'(N—n+1)

I'(N—n—k+1)(N—-—nk—k+1)
where I' stands for Gamma function such that I'(x + 1) = z!. Noting that, for positive

integer x,
dl(x + 1) ‘1
it S e/ Y B -

where v = lim, o (—In(z) + >, 7) is the Euler-Mascheroni constant, the derivative of
the LHS of the inequality is

(N—n—Fk)!(N—n)! { —(N—nk—Fk+1) <—7+Nin %) +(N—nk—k+1) <_7+N§_k %> +k}
=1 =1

[D(N—n—k+1)(N—nk—k+1)]?

The derivative is positive if the term in the curly brackets in the numerator is positive,
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ork—(N—nk—Fk+1) l]i}”fnfkﬂ(l/l) > (). This is true as

k k 1 | 1
> = _—
N_nk—ktl ~ N-n—ktl N-n—ktl Non-kt1 T N-n_k+1
1 1 1 g
T N—n—k+l N-on—k+2 tTN_a" > 7
I=N—n—k+1

This demonstrates that the derivative of the LHS of (A.10) is positive. This, in its
turn, implies that (A.10) is true for n > 1 and N — nk — k + 1 > 0, meaning that the
expected price paid conditional on observing at least one price is decreasing with n for
k1 < aptik1. Then, the average expected price paid conditional on buying is decreasing
with greater product availability.

To show that buyers’ welfare increases with greater product availability, it suffices to
demonstrate that the expected virtual price falls as the product becomes more available.
The latter statement is true if the expected virtual price in a market with n sellers, P},
decreases with n for 1 <n < N — k + 1. Observe that

k1

n
Pk = Qpk,oV + (1 - ank,(]) s
1 — ko

or the expected virtual price in a market with n sellers is a weighted average of the the
monopoly price v and the expected price paid by buyers conditional on observing at least
one price. First, it is easy to check that a,,; o is decreasing in n. This means that monopoly
price receives less weight while the expected price conditional on purchase receives more
weight as n rises. Second, it has been proven above that a,x1/(1 — i) decreases with
n such that 1 < n < N — k + 1. Then, these two effects must clearly cause a decrease
in P’ as n rises. This proves that the virtual expected price falls, or that buyers’ welfare
rises, with greater product availability.

For (b), to prove that the expected price conditional on observing at least one price
does not change with grater product availability for 7 > N —k+2, we need to demonstrate
that

Qnk1  Qndlk,l —0
I —apko 11— aptiro
forn > N —Fk+2. The equality holds as it is easy to check that a1 = 0 forn > N —k+2.
Using similar steps as in the prove of (a), we can show that P}' does not change with
n > N — k + 2. This means that buyers’ welfare does not change with greater product
availability for j > N — k + 2.

Proof of (ii) follows directly from discussion after the proposition in the main body of
the paper.

The proof of the proposition is complete.
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A.8 Proof of Proposition 8

We will use the following facts to prove the proposition. First, E[p] = v+ fpv(l —x5(p))dp.
Second, E[min {pi, p2}] = v —2 [(1 —za(p))dp + [/(1 — 22(p))*dp, k # I while

Elp] — Efmin {p1, pa}] = /”<1—x2<p>>dp— /”(1—x2<p>>2dp

= wvu(g) ((1 +2p(q)) In (1 + ﬁq)) - 2) :

Then, we can rewrite (6) as

- —GQNM( )((1+2u(q))ln <1+L) —2). (A.11)

w(q)

The RHS of the equation is positive only if (14 2u(q))In <1+ (q)) > 2, or

In (1 + (q)> 1++,u(q)' Note that when p(q) J 0 the LHS of the inequality goes to infinity

while its RHS converges to 2, and when p(q) — oo both the LHS and the RHS converge
to 0. Then, it suffices to show that the derivative of LHS is more negative than that of

the RHS for the inequality to hold. Indeed, the derivative of the LHS is —m =
1+4u(q)+41(q)* : : 4 _ 4y0(q)+4p(q)?
() (1+p(9)) (1+20(q))? while that of the RHS is (0 2u(@)? T ul@)1+u(e)(1+20u(g))? and the

former is more negative than the latter. Summing up, this proves that the RHS of (A.11)
is positive.

Now, we show that the RHS of (A.11) is inverse U-shaped in ¢, which is true only
if it is inverse U-shaped which respect u(q) as p(q) is increasing in ¢ with p(0) = 0 and
(1) = (1 —=X)/(N —2+2)). The derivative of the RHS with respect to u(q) is

O S n =)
26, ( (1+5u(q) +4u(g)*) In (1 + @) —3—4u(q)
N 1+ p(q) ’

[\

which is equal to zero only if its numerator is zero, or M(u(q)) = In <1 + ﬁ) -

% = 0. Thus, if M(u(q)) = 0 for only a single u(q), then the RHS of

(A.11) has one stationary point in ¢ € (0,1). The following facts, along with the fact
that M (u(q)) is continuous in u(q) > 0, prove that M (u(q)) = 0 has a single solution in

p(g) € (0,1):
M (0) = 400, and M(o0) =0,

< 0 for p(q) < &,
OM (1(q)) _ 2u(g) — 1 =0 for pu(q) = 1
ou(q) 1(q) (L + pu(q))?(1 + 4pu(q))? = 0 for u(q) > i

Thus, the RHS of (A.11) has a unique stationary point in ¢ € (0,1). To see that the RHS
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is maximized at that stationary point, note that the derivative of the RHS is positive for
some values of ¢ close to 0 and negative for some values of ¢ close to 1. This completes
the proof that the RHS is inverse U-shaped and has a unique maximum in ¢ € (0, 1).

Next, we demonstrate that the RHS of (A.11) is less than 1. For that, we rewrite the
RHS as

Sl e

_ %92 (M(Q) In <1 + ﬁ) +2u(q)* In (1 - ﬁ) — 2#(61))
_ %92 {Iu(q) In (1 + %q)) —2u(q) [1 — 1(g) In (1 + ﬁ)} } :

Next, we note that the first term in the large brackets, which is positive, is increasing in
p(q) and converges to 1 as u(q) — oo. Since the terms in the square brackets is positive
and that the RHS is positive, the RHS must be less than 1.

Finally, we show that the RHS of (A.11) converges to zero as ¢ — 0, or u(q) — 0.
Note that since

Y

1 1 1 "Hopita . 1
lim Iu(q) In (1 + _) _ lim Il( + Z) lH:pt 1 lim
1(a)=0 u(q) e 2 S

we have

im (u(q) In (1 + ﬁ) - 2M(1;§gou(q) [1 - M(I;)rgou(q) In (1 + ﬁ)D =0

Therefore, the RHS of (A.11) converges to zero as ¢ — 0.

The facts that, for 0 < ¢ < 1 the RHS of (A.11) is positive for, inverse U-shaped in ¢,
and converges to zero as ¢ — 0, there must be a stable SBNE for sufficiently small search
cost. The fact that the RHS (A.11) is less than one proves that ¢ < v.

A.9 Proof of Proposition 9

Parts (i) and (ii) are straightforward which is why they are omitted.
We prove part (iii) by showing that costly buyers are better off when 6, rises at the
expense of §;, where j > 3. This is the case if

di(% {92 <Q%E[P] + q(NA—[ 2)E[min{P1,P2}]) +(1-— q)E[min{pl,pQ}]> +(N—-1- q)c} < 0.

Using (6) to substitute the value of ¢, we obtain

di% [92 (E[min{pl,pz}]) " (2 - %) (Elp] — Efmin{ps, pQ}]))} <0, (A12)

To differentiate the LHS of the inequality, we note that, in equilibrium it must be that

- | 30:(B ~ Blmingo )| ~o. (A13
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or O(FE[p] — E[min{p1, p2}]) y du(q)
Ou(q) dfy

Elp] — E[min{p:, pa}] + 02 =0,

so that o) - ,
do, N 0, I(E[p]— Ea[nzlr)x{m p2}) (A.14)
(g

Now, using (A.13), we rewrite (A.12) as

dO, E[min{py, p2}]
b,

<0,

SO

0, (E[min{pl,pz}] + aE[malig)l’pQ}] . dge(j)) =

We substitute the value of du(q)/dfy from (A.13) and simplify to obtain

OFlp] gy o _ OE[min{py, ps}|
aﬂ<q>E[ {p17p2}] 3u(q) E[p] < 0.

Employing the expression for E[p] and E[min{p;, p>}|, we obtain

2p1(q) (u(q)(l +u(q)) In® (1 + ﬁ) - 1) 0 A.15
v 1+ p(q) o e

which is true only if the terms in the large brackets in the numerator are negative. Namely,

, 1 1
n (1 * mq)) < W@+ ()’

or

1 1 1
V@) ulg )<ln(1+ ) Vi) + ulq)

The left-hand inequality clearly holds for any 1(q) > 0. Regarding the right-hand inequal-
ity, as both its sides go to infinity as p(q) — 0 and converge to 0 as u(q) — oo, the inequal-
ity holds if the derivative of the LHS is less negative than that of the RHS. The derivative

; 1+2u(q)
of the LHS is equal to — u(q)+u(q MOFTOE and that of the RHS is — e )+u X N T . The

former is less negative than the latter if 1 + 2u(q) < 2+/1(q) + p(q 2, or

1+ 40(q) + 40(q)* > 4u(q) + 4u(q)?

which is certainly true. This establishes that (A.15) holds. This means that costly buyers
are better off with an increase 5 at the expense of 0, for j # 3. The proof is complete.

A.10 Proof of Proposition 10

To prove the proposition, we first start with some immediate results. Specifically, for
p < v, we have the properties of price distributions stated in the following lemma.
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Lemma 4. [t must be that (i) x,(min{p,v}) =0, (ii) x,(p) does not have atoms or (iii)
flat regions in the support for n = 2, 3.

Proof of Lemma 4. We prove all parts of the lemma by contradiction.

(i) If a seller sets a price greater than v, it clearly does not make any sales. For p < v,
if z,,(p) = 0, a seller that sets a price greater than p does not sell to anyone. Obviously,
costless consumers who observe all prices do not buy from the seller under question as the
rival sellers’ price is definitely lower than p. For costly consumers, it may happen that a
consumer obtains the price of the seller under question first. Then, she definitely searches
as the seller’s price is greater than p. Therefore, the consumer observes prices of all other
sellers and makes purchase from one of those rival sellers. It may also happen that a
costly consumer learns a price of one of the rival sellers first. Since all the rival sellers
price below p, the consumer makes a purchase outright. Finally, if a consumer happens
to visit an inactive firm (which happens only when n = 2 is realized), she searches for
prices at a price aggregator if p < v or is indifferent between searching and dropping out
of the market if p = v. Clearly, in either case she does not make purchase form the seller
under question. Hence, pricing greater than p yields zero profit, whereas pricing below p
yields a strictly positive profit in expectation, a contradiction.

(ii) Suppose there is an atom at price p. Then, an individual seller prefers to slightly
undercut the price as it yields a discontinuous increase in the demand due to the strictly
positive share consumers who compare prices, a contradiction.

(iii) If x,(p) has flat a region in the support, the expected demand for prices in
that region is constant. Then, an individual seller cannot be different of charging any
price in that flat region—the highest price in the region yields the highest payoff, a
contradiction. ]

Now, it is left to determine p, show its uniqueness, and that p < v only for ¢ < ¢ where
¢ € (0,v). For that, we first determine a costly consumer’s posterior belief regarding
realization of n = 2, denoted by w(p), after observing price p at the first seller. The
consumer updates her belief according to Bayes’ rule:

50275(p)
50225(p) + 0374 (p)

w(p) = (A.16)

Correspondingly, at price p, the consumers belief regarding the realization of n = 2 is

20:a5(p)
20,25 (p) + O325(p)

w(p) = =0,

where the last equality follows from the fact that |z5(p)| < oo and |z5(p)| = co. Then,

the reservation price solves p = E,, ) [min{p;, p;}| + c. We use the fact that the CDF of

minimum of two prices is 1 — x3(p)? to write Eq, () min{p;, p;} = [G_x, pd(1 — z3(p)?).
142X

We apply integration by parts and some algebraic manipulations to ol;tain (9).

Clearly, as the LHS of (9) is strictly increasing in p while the RHS is independent of
p, there must be a unique p that solves the equation for ¢ > 0 if the solution exists. As p
is strictly increasing in ¢, there is a unique value of ¢ such that p = v for any 6, € (0,1)
and 0, + 03 = 1. This cutoff value of ¢, denoted by ¢, is less that v because the LHS of
(9) is less than v.
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To complete the proof, we need to show that, when there is discontinuity in the
posterior belief of a costly consumer, her search behavior is not affected by it. First, we
show the existence of the discontinuity. The discontinuity in the posterior belief exists
only if the lower bound of the support of z5(p) is lower than that of z3(p), which is true
if ;—i < 11;—2/\)\, or 1+ 2\ < 2+ A, which reduces to A < 1, which certainly holds. This

demonstrates that the lower bound of the support of xs(p) is indeed lower than that of
z3(p). Then, a costly consumer that observes a price equal to (11;—2’\)\) p — €, where € > 0 is
a arbitrarily small, knows for sure that there are two sellers in the market. This consumer

does not search if

(#53x)r
/( (1 = z2(p))dp < c, (A.17)

where we used similar notion and techniques as those we applied to obtain (9). We replace
¢ by the LHS of (9) in the above inequality to obtain

/ (11””71 — o(p))dp < / - )P
(%)p (11+_2AA)9

We apply price distributions in (7) and (8) to evaluate the integrals and rewrite the
inequality as

1—XA [ 1=2A 24+ A 1—A 3\
—1 <l—-——mn(l+-—— A.18
1+2)\(1+2)\ n<1+2)\>)_ 22 n<+1—)\)’ (A.18)
where p on both sides of the inequality cancel out. We note that in the limit as A — 0, the
LHS converges to 1 —In(2) and as A — 1 it approaches 0. When A — 0 the RHS converges
to 0 and as A — 1 it converges to 1 (where we used a similar method as in the proof of

Proposition 8 to evaluate the limits). Then, there is a unique value of A such that the
LHS and the RHS of (A.18) are equal if the LHS is decreasing and the RHS is increasing

oy o 22
in A. The derivative of the LHS with respect to A is ) 3((22:/\/\))((11;2/\/\))31 (””). As its

the denominator is positive, the derivative is negative if In (124—3)\) <G JES(_I/Y%)‘ As the

LHS and the RHS of the inequality respectively converge to In(2) and 3/2 when A — 0,
while both sides converge to 0 when A — 1, the inequality holds if the derivative of the

LHS is less negative than that of the RHS. The derivative of the LHS is —% and

that of the RHS is —%, and the former is indeed less negative than the latter

as the numerator of the former is less than the latter for A € (0, 1). Then, the inequality

holds, meaning that the derivative of the LHS of (A.18) with respect to A is negative.
Next, the derivative of the RHS of (A.18) with respect to A is positive if its derivative

with respect to ¢, where ¢ = (1 — \)/(3)), is negative. The latter derivative is ﬁ —

In (1 + %) Observe that as ¢ — 0, the expression goes —oo, while as ¢ — oo it converges

to 0. Then, the expression is negative if its derivative w.r.t. ¢ is positive. This derivative
is equal to m, which is clearly positive for ¢ > 0. Then, the derivative of the RHS of
(A.18) is negative with respect to ¢, which means that the RHS is increasing in A.
Summing up, the LHS of (A.18) is decreasing in A € (0,1), converges to 1 — In(2)
when A — 0 and approaches 0 when A\ — 1; whereas the RHS of the (A.18) is increasing

in A\, converges to 0 when A — 0 and to oo when A\ — 1. Then, there must be a unique
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A € (0,1) such that the inequality in (A.18) holds for A > A. Then, the SRPE exists only

if (A.18) holds, which is true if A > \.
This completes the proof of the proposition.

A.11 Proof of Proposition 11

For the proof, it suffices to show that the price distribution in the triopoly market first
order stochastically dominates that in the duopoly market:

E5)

f 11
xo(p) < x3(p) for all p € { D) D

where p = min{p, v}. We rewrite the inequality as
1-X\ (P ? 1—X\ (7
P_q)| < =222y
142X \p 3N \p

M<p—1) < 1

(14202 \p

As the LHS of the inequality is decreasing in p, the inequality certainly holds if the

following is true:
3A(1—=N) D
(1+2))? <_<1—A>p - 1) <!

142X

3\ 2<1
1+2A ’

3\
142\

which is true for any A € (0,1). This means that xs(p) < x3(p) for all p in the support of
z3(p). The proof is complete.

which in its turn holds if

<1,
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